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V (x)
��º��0B@#�ApÈ�U9jW��,�Ç��\��É4Ê[Å�Ë�Ì

E
�

Í ��Î�t?K�'�$ T-UC'�L

V (x) =

{

0, |x| > a
�c$�u

−V0, |x| ≤ a
�c$�u

E < 0

−a a

−V0
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º@¼�½?¾�¿(À�ÁQÂ[Ã@Ä2Å
�[��Ï[�0��Ð+ÑcA�Ò?3+EOÓ-�\�2�

φ(x)
��º\��BC# �[�9��/�1+L

φ(x) =











AeKx, x < −a
�c$�u

B cos kx + C sin kx, |x| ≤ a
�c$�u

De−Kx, a < x
��$�u (12)
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M-Ô�I&,
k, K

�[,
h̄2K2/2m = |E|, h̄2k2/2m = E + V0

�2>C34EOÕ4ÖVI�M�L�Ð4Ñc��×-Ø
x = ±a

A�Ò�Ù�'2Ó@�c���9�F6-�@Ú@R9A�1@3-EC�F¡@Û��FÜ@Ý(`xjJº��"Þ¯10�FÜ?Ý(G�ßàj
�\'�L

−K = k
−B sin ka + C cos ka

B cos ka + C sinka
, (x = a)

K = k
B sin ka + C cos ka

B cos ka − C sin ka
, (x = −a) (13)

!2�Yj?ÞW1C�2á�`"jlâ?H�A�º\�-��¢0GOßVj&�('�!�$ G�i?`C'FL
B sin ka − C cos ka

B cos ka + C sinka
=

B sinka + C cos ka

B cos ka − C sin ka:�M+�[,�º��0BC#2A2ãC%9!�$�/�t\u�'�L
(B sinka − C cos ka)(B cos ka − C sin ka)

= (B2 + C2) sin ka cos ka − BC(cos2 ka + sin2 ka)

= (B cos ka + C sinka)(B sin ka + C cos ka)

= (B2 + C2) sin ka cos ka + BC(cos2 ka + sin2 ka)

!O��ä-�Q�på-d�%\'($
BC = 0

GOß�jW�\'�L@10:QX�,
B = 0

:�M-�F,
C = 0

����GO�-æ
%('?!@$mG�i4`C'�L�!��"jp��y+��ç+è\�

II
�2Ð+Ñ\AOÒ43+E[,

sin kx
:�M+�

cos kx
��é��

�cA264êxIJ,0�O�CÏO�Oë����-,�ì�����t?K?'�LO�\�F,�í@©�ì\����`[ëc�����2éQ��$@XZ,�î
ï GFð\3?A�ñ�ò\X¯K9#�BC# �[�0GO�4æ�I��43\!�$[�Oó?��Ü4Ý��2ãVI E?3�'FL
����84^(AO1?3�E�!��0BC#¯�Fä+�CG[ßVjW�@M�!@$2��,c!���.\�0/21[6+748�$²h+¡��?��¢

G@K-'�L(/-IJ,[ô4õC`�j�ëc���(��������æQ�¯r+ö0t�u��C÷�,
(12)

�0B@# ���(��é9� ø�Õ�%
'���t�����;Z,�Ð+Ñ

II
���Q��­�A

C sin kx
$ Ò ;�!�$pG[ù�ú?t?KYXZ,�×-Ø+Ü-Ýk/

x = aA�1-34E?��¹=1���Ü-ÝQ��û@%CÔ4Ù�tFü?RCt�K?' ý
x = −a

��Ü4Ý���647480`"j�¤W��
+A�þ
ÿ����\'�� L-%('($

(13)
���Ci�XpA2º��2Ü?ÝCG�ß jm��'FL

−K = k
cos ka

sin ka����!�$pG
cos kx
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��G\!O���\���F
�t@K@'�L

2.2 �������6�7+8 $���,CK@'p6��\A2�Vjm`?���� 9�"!�U?M�$[u¯6���G � ��B@#�A�#�$@%('[`[,(:�M
��#&%'�2��'[`�A+��¢@%�'�L����4M�§?A���,(�� 
 ,)�* 9�"+�D[M\$�uOA26*��G � �0BC#
A�#,%'�p�0'[`?AF143�E�-9' í��CG-K?'2L4:�©F,���j&`-��.�/�.�tFÕ�Ö0�p�@M+�p��A�6kIl,
�1 
 ������ \��ä4�0G � ��BC#2A2ã��2�('O`�A�1?3+E)213@E4±�B�#²L
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2.2.1 46587�9;:;<6=?>�@&AK?'26��-,�!-!�t@�4K@'6.*/+.�t[Õ4ÖB���0M4���
f(r)

�OT4U0'�LQ![�-�2�cA�1@3�E��
�* x$p��,+���\��ã@%DC,E�F+�OK-' ¨DG4A�H)I(A�J+�-%0' ýLK,M&�� �� ,+K?'ON(��P�X¯A(Q
R ��S�' ýTQ R �* *�?� � �0!�$¯t?K@'�L�! �kjp���� (��.�/�N(��#�% $�h+¡��@�2¢CG@K
'FL@K?'��� 

R
A0B�D�EC����G

f
G

f ′
A�#&%��2�('@!@$[� º\�0B�#2A�ãC%9!�$2A[%('�L

f ′(r) = Rf(r)

�2��A�6�I EO,)�* c�"+QDOM�U(�4����� 64ê'��S\'�$�V8W�`"j�,)��  $YX&Z4�\���8��/[�
$\[C��%9!@$¯G4t(u�'2L����V$"��I�A�.�/^]�_0`�Å0A&�8�Y�* 9�O+V#O!�$�/2t\u�'�L��+�
)?*4,Y/@$���.*/?]8_�`=Å

r

$\#�%*a\��.�/^]�_B`�Å
r
′
��b?A4��º��4��¢CG)càX�fC1Y$

T?UQjm��'FL
r
′ = RrK�'"�1 Q�6+"DFEd#�%VI2M?�2�"�2,D���e#�%��6+QD�M�.*/f]�_g`�Å��4����$+I�E[ãfSC÷[,

Þm1@�?���c�&���JÎQ�@/21���©?t@K@'�LYI�M�G(DFE�,+º\�0B0#¯���2¢�G
c�X=f�1�L
f ′(r′) = Rf(Rr) = f(r)

!O�2á(tO,
r
′
�h�@iVX¯A

r
′ = R−1

r
′′
$ Ò�;�$l,4º(�?�2¢?,

Rf(r′′) = f(R−1
r
′′),

1�:9X
Rf(r) = f(R−1

r) (14)

G)i&V��
r

A�6�IpEdc{X fC1+LCM4Ô�IW,&j����1 9�
R−1

$lã�I�MOL?1�:9X ,(K"Xk�* �A
B+D�E,.1/(G � �\B�#FAh#*%B����'�`?G4i@`4��÷�,(���\G � �\B0#�Ah#*%l���\'�`?G4i
`�'�L
¬?­��F®��FT-U+E-±\BC# L
•
.�/�N���mV$ Í ��G�u��"j R �6S\'��� ýonqpJÁ�r�,c:�M-��sDt)�
1
º?¼(�-���9A�1@3-E4T?U0'�L&.�/�N9��m�$ Í �*G(u���j R ��S\'6�? Q��nqp&Á�r
���*  $6u�vO,

P
$�ãC%9!C$2A�%�'FLQ![��)-*\��j\���� 

P−1
/

P
A�w�I23�L@1

:QX
P−1 = P

G(c{X�f01+L9!O���* cA0B�DFE).*/�N"��#�%0%('\$J,&x9M��d.�/V$
y 3
.�/\��b?A+��º\�-��¢0Gdc{X f01�L

x′ = Px = −x

(14)
A�I2M�G�D[EO,�#&%1a(�?���\�Fº(�(B�#�A�ãB���\'�L

f ′(x) = Pf(x) = f(P−1x) = f(−x)

®�U?÷F,�����$�I�E
f(x) = x2 − x

�FT?U�'\$J,*nzpWÁ�r"�* �a\�-�2�c��º��0B0#
A2ã��2�('�L

f ′(x) = Pf(x) = f(−x) = (−x)2 − (−x) = x2 + x
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•
K&M��* 
��I\A26����

x-
NQ�"m(��¨�G4A

a
Ô-Ù�J+�'��S�'��� 9�[T+U�E-±�B�#²L0![���� �A

B�D2E
x-
N(��.&/c�"{&|

a
Ô+Ù�J+�?%0'�$�,hJ4�,a���.&/

x′
�d}���.�/��2Î

x
$l,

x′ = x + a
�4�2¢0G@K@'�L41�:cXZ,

R−1x = x − a
G
c�X=f01@��tO,����

f(x)
A�K

M��* Q��+V#+$lº\�-�2�cA�#�%��2�('�L
Rf(x) = f(x − a)

2.2.2 ~&�1�D��=?>º(A�X�Z+��Gh�� �A�B�DFE � ��B@#¯�
#&%��"�\Ù?'[`�AO1-3�E+T4U+E4±\B�#²L
X&Z+�V$
�[,�Ú-R�X�Z+�c�(BC#�A�K�'����9A�6�IpEC�+�?���c���c���Q��64ê���S\'p)-*���B0#�AF,
��� $�����$���b-��64ê���¢\��!�$ t@K@'�L
t-��,�X&Z+�CG��� (A�B�D�E � �0B@#pA6#�%'�p�0'F`0�FT+U�E4±�B�# L�K?'"X&Z��

A
�

 @>@tC���
f(x)

`Yj��2�
g(x)

GOßVj&�('�!�$[�pº\��BC#2A2ã�%�L
g(x) = Af(x)

KC'+�2�
f(x)

AF6�I&,�X�Z-�
A
�� @>���S�EOßàjm�('4���cAF6 IpECK�'��? ��"��%�)

*cAO1?3�E+T-U�E-±(B�# L�!F��ä+� $�I E�ß j&��'����\�F,9!p�(:[t?��Õ�Ö�`�j
RAf(x)$�ã0�p�('�L�������#�%CGO,(.�/+.(��#&%cA��[i('@!@$�AO1?3�E�%?t?A6�f3�MOL-3�:\Þ&1

�-���
f
$

g
G@K@D�EO,0�[�Yj¯G
#�%

R
ACB�D�E

f ′
$

g′
A�#&%0�2��Mc$¯T4U\B�# L�/

I&,4¼(��.*/0t
g = Af

Gdc{X f01C��t@K��0÷�,�#&%B����Mh.�/�t[Õ4Ö��2�('�X&Z-�c��,
�
I\A

g′ = A′f ′
��64ê���¢Q�p�*�@%('�/[��t@K@'pí4�0G�K?'FL

� �?3@M�,+K-'O�� 
R
��X,Z��\A[Ò�B��[%
�&�Q�¯º��+¸��0B@#pApã@%c!?$mG�t�u�'2L[1

R

f −→ f ′ = Rf

A ↓ ↓ A′

g = Af −→ g′ = A′f ′ = A′Rf

R = RAf

:9X ,
A′R = RA

�4�2¢�Gdc�X=f�1c!?$¯`�j�X&Z+��A�6�%0'"�� \�6���\��º���B@#�Apã��
�\'�L

A′ = RAR−1

®x$�IpEO,CK-'����
f(x)

A
x
��`�Ù-'��� ��
n�pJÁDrO#&%����� �A�B�X�º(��B�#�A��

'C!@$pG�i@`C'�L
PxP−1f(x) = Pxf(−x) = −xf(x) =⇒ PxP−1 = −x

�
I\A�Ú+R* ->(A�6�%('6#�%k/mº\��BC#2A�T-UC'�!�$ G4t(u�'�L

P
d

dx
P−1f(x) = P

d

dx
f(−x) = −P

d

dx′
f(x′)

∣

∣

∣

∣

x′=−x

= −f ′(x)
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1(:cX�,�º\��#�%-80Gdc{X=f�1�L

P
d

dx
P−1 = −

d

dx
, PpxP

−1 = −px

H&�\A
x
$

p
�-�2��$+IpE[ãB���('���� Å�`��^�(ÂOA�nqpWÁ�r����* Q��+(�"#�$Jº\�(B

#�A�#�%0����'�!�$�/�i?`0'�L
PH(x, p)P−1 = H(−x,−p)

6��(A+K?'O�* 9��+0�CD[Mc$[u¯,)�� 9�"+��Q#\},aCt�����6��(A�#�$CG)��§Qj&�?�+3Q$
u ,4���6�� \A�6kI¯EF6��0�26�70t-K-'0$¯3Q#�L4:�M�,4���6�� ��C!?$�� 6�7&�� �$Ou&�OL
nqpJÁ�rO�1 \A4�O%('�64748\��I�M�G(DFE�,+º\��BC#2A2ã�%Q!@$pG+t�u�'FL

PH(x, p)P−1 = H(−x,−p) = H(x, p)

PH = HP
$lã0%Q!C$�/�tcu�'���t�,1��� Å�`��f��Â�G�6-7-8��@/�1k$p3"#�!C$��F,\�

���� ?,�M9$ U?÷F,*nzpWÁ�r6X&Z4�V$����¯Å�`��^��Â2G[ð�3�A6�*%�%\'�,C10:QX
[P,H] = 0

G)càX�fC1?t?K@'($ T-UC'�!�$�/�t\u�'�L

2.3 �������z���?�0���*���q��·���@���(�����\�F,O.9�� ,�C%�'6���mÅ�`k�1��ÂFA+�O%0')¡h¢+Î $"¡�¢����9�"£�§�'�!
$pt?K@'�LC:�MF,,���¯Å¤`k�^�0Â?¤J¥�/¥X&Z4�Ct?K"X ,�.cA�M�3�%�'�K?'6¦(���� Ct?K@'
$ T4U9j&��'�LQI�M�G0DFEO,&�'�¯Å¤`k�^�0Â 
 £�d-�\A264ê@%('�.&/ 
 ~-�+�@ª(§(�
H,�

����� �A+�(I E\/�����BC#m��¡h¢+Î����Q�FT-U[,C���&¡�¢+Î $�¡�¢������O£0§C'@!@$ G
t�u�'FL,¨cA��B� Å�`��?�(Â@$\�*%C%('�6-7��1 \A-��%('�X&Z-�cA�1@3+E@��¡
¢4N-P(�[,
�F�Q�2¬?­,$@%('�ó+tO_�#4e�A2f01c!�$ G�i?`0'�L
!�!2t@��,�¬-­C�+M�§?A-:F©,nzpJÁ;rO��X&Z4�Q�FT-UF,�.�G(n�pWÁ;r�A26�%�'�6+7+8Q�

/�1�/O��$Jø+Õ�%('�L�nzpWÁ�r�A4�O%('�º\��BC# �*¡h¢4Î��F�Q�OT4U�B�#²L

Pf(x) = λf(x)

M-Ô\I&,
λ
��¡h¢4Î $¯%�'FL

P 2f(x) = Pf(−x) = f(x)
�?��¢CG�K?'���t�,

P 2 = 1
1(:

X
λ2 = 1

Gdc{X f01���t
λ = ±1

GOßVj&�('�LQ![�-�O�0ÏO�C��¡h¢4Î�A�64ê�%('(¡�¢c�
�"� ìc���@,�ëc�2�V$e©C�4t-3C'�L
�0� Å¤`��?��Â2G

P
$��*%�%\'�$�u¯,4º(�(B�#p��¡
¢+Î\���"�FT-U+Ed[YBC#²L

Hφ(x) = Eφ(x)

�*%���¢
[H,P ] = 0

Gdc{X f01�!C$¯`Yj�,4º(��á0G)càX�fC1+L
PHφ(x) = H[Pφ(x)] = E[Pφ(x)]
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1�:�X�,
P
�O�* kI EOß�jW�('����k/¥�0�¯Åª`k�^�CÂ���¡�¢\�2�Ct?K@'?!@$ G�i-`0'2LC:

M[,
φ(x)

G
P
��¡�¢c���c�2)?*\A4��º��4��¢Y/¥c{X f01c!�$ G�i?`0'�L

PHφ(x) = H[Pφ(x)] = λHφ(x)

1�:�X ,+�2�\A��'�&Å¤`«�1�CÂO�" 4>8�"S-E(/&ì(�p�4,2ë\���(�28�^��4���-:�: �(M[�0'2L
ì��p� $�ë����Q���[�0ÏF�)U�¬�A2R�ÙOE)���mÅª`��?�0ÂF�,¡�¢4Î����9� ��;�!@$¯G+t(u�'
!C$F��V�WcIJ,"!��?G[ô-õ\��®+��G�¬@­($0t\u�'pd�­Ot@K?'FL
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